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GMSK Modulation

The GMSK waveform can be represented by the instantaneous frequency function
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This representation was used in the May design review materials. For GSM, BT = 0.30, and the
modulation index h = 0.50 which results in the apparent peak frequency shift of AF = (4T)1 preceding the
above summation over n. ( Note, h =2 AFT).

Since a type-2 PLL cannot track phase functions with parabolic and higher-order time
dependencies without error, it is worthwhile computing the maximum rate of frequency change that can
be seen by the PLL. It suffices to consider a single “frequency pulse” and compute
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In order to maximize d(t), we need to take the derivative and compute the time at which its value is equal
to zero. In doing so, this leads to the required equality
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which can be easily reduced to simply
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T 2

This result cannot be reduced further since it is transcendental in nature. For the case where ko= 7.546 and
BT=0.30, the solution for the maximum of d(t) occurs for t/T =+ 0.56009. Substituting this back into the
original equation, the maximum frequency rate of change is then simply given by d( 0.56009T ) or
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kB 7| ==-0.56009 |- y| =—0.56009
4T~ 27 2 2
(8]
where equates to approximately 2.785 1011 Hz/sec2. At first glance, this appears to be a very large number
indeed, but if we think in terms of changing (Fsymboi/4) Hz in one-half symbol interval, this equates to 3.67
1010 Hz/sec? so we have reasonably parity.

If a Type-2 PLL is subjected to a linear frequency range that is changing at a constant rate of A®
radians/sec?, the steady-state stress imposed on the PLL is given by

Aw
Os=—7 [9]
w

n

Simple substitution for different loop natural frequencies leads to the results shown here in tabular form.

Table1 Loop Stressfor Type-2 PLL Subjected to Linear Frequency Sweep

Loop Natural Frequency, Hz Loop Stress, deg.
100 k 254
120 k 176
140 k 130

Obviously, the translation loop is not subjected to this frequency sweep rate except on symbol transitions,
but this does provide some insight into the degree to which the PLL is being pushed when fairly small
loop natural frequencies are employed.
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A Closer Look at the Type-2 Case

It is worthwhile looking at the behavior of an ideal Type-2 PLL when it isasked to pass the GMSK
modul ation. We will focus on the PLL’ s response to a single“frequency pulse’ as before. For the Type-2 case,

2
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Here, 6. is the phase tracking error as seen at the phase detector of the PLL. Focusing first on 6e:

(*+2w,s+w}) 6, =5,

[
SO, + 2w, 0.+ 0} 2 =0, [11]

S

We now let do;,/dt = 2r fi(t) which leadsto the following assignment of state variables:
d
Uy = 8, =6 (0)
[
u=-2=[6,1) dt
S [12]

l"12 = He(t)

This set of integro-differential equations can be numerically integrated in order to examine the behavior of 0(t) for
different PLL loop parameters. A plot of the phase error behavior at the phase detector for a single frequency pulse
isshown herein Figure 1 for several closed-loop bandwidth cases.

For the behavior of the output phase with time, we have

S°0. +2Lw SO, +w’60. = 0 _w> + 6 2
(0] n (0] n-o n n n a) [13]

n

which for computational purposesis better expressed as
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In state-variable form, it is convenient to choose the following:

U, =6,
u = |6,dt
u, = I u,dt

2¢

0, =w’| u,+—=u, |-2lw.u,-a’u,
)

: [19]

U, = Ieodt
u, = I u,dt

This set of equations can be numerically integrated for the same frequency pulse input to show the output phase
response of the Type-2 PLL as shown in Figure 2.
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Figure 1 Type-2 Transient Phase Error Response to GM SK Frequency Pulse for the Type-2 PLL
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Figure 2 Output Phase Response to the Frequency Pulse for the Type-2 PLL
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General Comments

The phase trajectories shown in Figures 1 and 2 reveal 1oop strain for the lower bandwidth cases. From
Figure 1, the worst-case peak phase error isabout 0.15 radians, or approximately 8.6 degrees. For a4 MHz phase-
locked loop comparison frequency, this phase error is equivalent to a pulse width change at the phase detector of
only about (8.6/360) 250 nsec = 6 nsec which isnegligible asfar asthereference-related spur levels are concerned.
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Type-3 PLL Behavior with GMSK Frequency Pulse Input

The primary motivation for looking at the trand ational 1oop right now were based upon earlier comments
made pertaining to trading-off PLL bandwidth for performance. At the time, it appeared that the PLL was being over
stressed by the modulation, but the results shown in Figures 1 and 2 tend to suggest otherwise. Theroot issue (as far
as phase accuracy is concerned) may well be the length of the (presumably FIR) equalizer or another matter entirely
that isinterfering with obtaining the desired results, but determination of the underlying problem will require
additional time,

Before leaving thisfirst glance at the trandational PLL for GMSK, it is worthwhile to consider whether a
Type-3 architecture can provide some benefit over the classical Type-2. Admittedly, the type-3 route poses some
new issues over the Type-2 approach, so the examination here will be strictly mathematical rather than circuit-
oriented. It ishoped that the Type-3 architecture will produce an additional degree of freedom whereby the PLL’s
natural loop frequency can be traded-off for a smaller value without sacrificing phase accuracy.

Thereisnot much immediately available literature on Type-3 PLLS, so some review of the basic tenantsis
appropriate. The genera open-loop gain transfer function for a Type-3 PLL is given by

(1+ sz, ) (1+s7,)

GoL(8) =K S (Tls)z [16]

Generally, the time constants 1, and 3 are chosen to be equal, so this simplifies the open-loop gain function as

2
K(1l+sz,
GOL(S)_; S—Tl (17

The phase of the open-loop gain function is clearly given by

3 -
LGy (9) =—?+2tan Ywr,) [18]

Obviously, ZGoy(s) = -n for w1, = 1 which meansthat this situations occurs for w= w1 The gain at thiscritical
frequency is given by

2

— TZ

GM = ZKTZ 7 [19]
1

A positive gain margin resultsif and only if Gy > 1.

For frequencies o > 1,*, the control loop looks very similar to a classical Type-2 loop. (This same
equivalence may trandlate into anegligible advantage for the GSM trandational |oop application.)

To first-order, for o> 1,7,

2
TZ

K
Gou (9)]= sl [20]

so the unity-gain cross-over frequency (. ) is approximately given by
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Figure 3 Open-Loop Gain Characteristic for Type-3 PLL
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From earlier, the gain margin was given by [19] and therefore,

o =~ Cn
c” 27, [22]

The exact result for @, can be found by solving
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Given aninitia estimate for the true solution (denoted by wy), a root-polishing recursion can be easily found as
’
o, =0, +dw
where
© L, K
T
—w,+K| 2| &i+— [24]
21 21
dw= 5
2 7,
3w, —K 20,
2}

Comment: Use of K and 1, isredundant. If we simply assign K, = K/t,%, then the equation to be solved simplifies to

o* K, (1,0)° =K, =0
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Near Equivalence for the Type-3 PLL with the Classical Type-2 PLL

For agiven value of o, a Type-3 PLL behaves very similarly to a Type-2 PLL having a damping factor of
C given by

1

1(1-a?)? 4
== where o=(w.7,)

2\ 2« [29]
Assuming that we have a pre-specified value of ., we need to know how to select t,. From [25], we obtain that

—-8(%+.,/64" +4
o= 26

) [26]

In order to have o > 0, it issimple to show that the only acceptable solution from [26] is

ot =, [«/164’4 +1- 4{2J o
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Frequency Pulse Response of the Type-3 PLL
For the Type-3 PLL, thetransfer function between the phase error and the applied input phase function is given by

0.(s) _ s’
6,(9) S +K (,8) +2K 7,5+ K, (28]

and smilarly for the output phase,

6,(s) _ K, (1+s7,)"
6,(8) S*+K, (7,8)" +2K 7,5+K, [29]

We areinterested in comparing 6, and 6. with theresults obtained earlier for the Type-2 PLL case. For the phase
error process, we let

d
U, :Eein
U zi‘9e
dt
u,=6,= juldt
Uy = [udt=[ 6, [30)

u, = j u,dt = ” 6. dt
which leads to the state-equations given by
u0 = 2” 1:in (t)

u, = | udt
u, = [u,dt (31
u, = 'u3dt
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The phase error response at the phase detector for the Type-3 caseis shown in Figure 4. The time duration of the
error is particularly concerning because it stretches over several symbol intervals thereby causing intersymbol
interference which could only be corrected using a fairly long equalizer.

In making comparisons between the Type-2 and Type-3 systems, we should not equivalence . with @y

because the . corresponds to approximately the unity open-loop gain for the Type-3 system which isquite
different.

Figure 4 Phase Error Response of the Type-3 PLL to a Single Frequency Pulse
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For the Type-2 system, the unity open-loop gain frequency occurs at

a)2unity =, \/2;2 + V 44,4 +1 [32]

which equals approximately 1.554 o, for a Type-2 system having {= 0.707.
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For the output phase of the |oop when subjected to the frequency pulse, we have the transform relationship

: —+=2+71,
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2K2'2+K} K0, 1 2z,

If we now make the following state-variable assignments of

=6,(1)
U = Iuodt = Iﬁmdt

u, = 'uldt
U, =6,
. [34]
u, = | u,dt
Uy = 'u4dt
then the state-variable equations that must be integrated are
uO = Hin (t)
=j%m
= f u,dt
=6,(t)
= | udt
I ° [35]
%:fwm
do,

=K o W+ 20,0, + 7y |- K, | 70U+ 27,0, + U |

The output phase response for the frequency pulse input to the Type-3 PLL is shown in Figure 5 for the
same PLL bandwidth cases asused in Figure 4. The step responses are disappointingly poor, particularly the very

long tail response that would all but invalidate an FIR-type equalizer like that which can be used with the Type-2
PLL.
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Figure 5 Output Phase Response to an Input Frequency Pulse for the Type-3 PLL Case
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Summary

Asfar astheideal Type-2 and Type-3 cases are concerned, the Type-2 (presently anticipated for the
design) isfar superior to the Type-3 PLL. Thereisno benefit in considering the Type-3 PLL case any further in
regard to atrandational role with GSM.

Thereisno doubt but that an *optimal’ choice of damping factor and natural frequency for the Type-2 PLL
can be identified, but no attempt has been made here to arrive at that recommended sol ution.

The stress imposed at the Type-2 phase detector when modulation is applied does not appear to be
excessive so long as areasonable |oop bandwidth is used.

The primary purpose of this short investigation was to explore whether a Type-3 architecture could ease
bandwidth choices for the trandational PLL; clearly it cannot.
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