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Background

The earliest description of phaselock was published
by de Bellescize in /732 and +reated +he Synchrohous
reception of tradio Sisnals Ll

The ¥iws+ wide spread use of phaselocik was n +he Synchronization

of hovizontal and verdical Scan n +elevision recejvers (1],

We will only Consider a narrow GVenue of phaselook applications .
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Tirme Domain Per-\:ormomce MeaSures

Noise MeasureS . Wide- Sense Stationary Processes [i]

Wiener- Kincdhin Theatrem

© - w7
Sg (w) = J RF‘ (1) e dr

)

Ry (7) s, () &7
& = —21-1\_J\S¢(w e dw

Vaviance of Aueroge F'reguenc)/ Departyre

0’2[ <¢}2,7’] = %Z[Rp(o) - R,(fr)]

_r—f—,ra fsg(w) Sin® (9_23’) dw

Varionce of Phase "
< - = (u’) dw
o [ ¢(£-)] = Ry (o) 'éL-rriS’

VON ance

of Accumuloted Phase
O'z[ Aq’¢] = Q[Rﬁ(o) - Rg(’?’)]

20 becavse Rg is posi+ive
Semi- definiie )



Noise Measures: Local Oscillator Phase Notse (App. E)

Consider o. carvier with a noise component at offset Freguency wm.

S = Cos[uu: + 40 sin wm-t]

Tpeqk. phase deviation

= cos(wc-l:) QOS(AG thwm-&) - Sin(wet) sin (A8 sin wm-lz)

Pr b6 < |
S@) X Cos(wt) - Ag [(‘os(wc' W)t = ©S (Wet W) ¢ J
|
A BY dec\‘n\‘-\-\‘on .
0 O{o(-rm) = Ssﬁ PQNCT @'rm = (%) /2
A,a Carrier Power 1/2
I | = (0922 = ch(rm) Rad.z/l-li'-
[ ™ * 2
4 Therefore

Variance () = éﬂ[asﬂ(w) dw = :“Lff(wl-dw

Phase Variance dve Ho Synthesizer spectrum
(s foond by integrating +he K£(fm) spectrum.
For & Linide observation +ime T

2 _ - | -~  Sin°(wT/2) dw Rad
o = :/D-Sﬁ(w)[ (w-,-/z)z ] '2';}

2




T ransent Res Pponse MeasSuresS

R sysfem /s said 4o have obtaiied phase- fock once specified

Condifions h +he Insfantanesvs phase and Prezuency errors

(wed. Steady - State ) have been obtaiied , €g.

Settle 4o within to.l radian of final phase (n < So.usec

Sewme of +Hre [iferature can be pother obscure, e.g,
Per-\-cx'\nin.s +o Shbil\‘-‘-y and /ocths speed : [12]

Defirvdon | ¢ Let = G be a mapping of a vector space X
onto dself, e, G: X—X. Then x"€X s a fixed point
of G if G(x*)=x"

Definition 2 : Let X be a normed Vector Space and

G: X— X. IFf +here exists L, osL <] 3
| G(x)- G € L lx-v Ul

for an xy €X, +hen G (5 called a contractive mapPping.
(qlso called Lipschitz Condi-l-fon)




Theorem | Cendraction Mapping Theorem

let X be a Complete normed vecdor Spoace , and (et G: K— K
where K s a closed subset of X. Assume +hot +he

Lip schitz condition with 0% <| (s safisfied for all Xy €K
Then

D t+there exrsts a Um‘jue Lixed Poer- X*GK Such +hat
G(x*)= x"
2) {c‘mm_’c Xm= X=  for any arbitrary choice of X, € K

3) The rate of ConVergence s governed by
Ixm =3l ¢ L7 gx-x]

I-L

We will averd obsc v {tes where Possible..



Phose- Locked Loop Transient Response

Continuous Systems

Linear Loop Desc\-fp-ho ns

Diffevrential Egu ation

Laplace Trans form

Basic Response Types

Comp lexi +ies Tirme Delays
Finite Gaw - Bandwidth Op-amp

General Analysis Rpproaches
Brule Force , Spice
Diréet Thuersion of Laplice Transfhrm
State Vartable / 7ransidion Matrnx Apprach
Explicid Differential Ejuo.-h‘on
Other  egq. Corrington

General Observations

Time Deloy Effects
Post- Tuning Dvif+ (See Appendix B)



Non \iviear Sysiems
Desc\ri\:rns Fuaction or Harmonic Ralance
Phase - plane Analysis

Stabi lidy
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When s Sameling a  Considerotion ?
General PLL Transfer Functions
Gewvneral Resuolts for Type T €I LoopS
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Lineor Phose- Locked (oop Descriptions

Consider o Type IL System: Step Fre?uencty ¢ Phose Response

(Note : Loop +ype refers 4o the number of ideal integrators
Leop ovder refers 40 +he order of +he characderistic

eguokion. [|] )

Re C
K
we ol 9 ml'_— Kv Note: Tnclusion of dn.‘_g_o‘_{m( dividex
! x v >_’_) w, rmakKes [oop actually a Sampled-
‘\ _.;_—+ Ve ) control Sy stem, but tHhis will

be presently /gnored.

Kg = Phase Dedechr Gain , V/Rad.
Ky = V€O Sensitivily  Red.fsec/v.

n

Standord Servo - System nomenclature

Natwrol Freguenc Wn = /\_(_d_lsy
oty Mo \’eﬁ y n N;f'

Dompn'\a Factor ?: _é W ’7’2

Time Constants Ti= RC
Tz - Ez C



The VCO acts as an ideal |v:1+e3m+ov

-t
Total Outpot Phase = w.t +j«<v Vdt + 6, =&

/\‘/co Center Lreguency

Assome N=|

ec - Phase Dedector
Mul-h‘p\yinﬂ mputs 4egether and dropp.ms hfah -frejiotnc)/ +erms [IB])

Va = K4 sin (g,- 6o)

Ky Suh[ (We-we )t - Ga-fl‘v V. t) dt ]
Ky S & o

where @= 6, - @,

leoad- Lng Ei Hex

S-\rqigh-\- {forward 40 show +hot
N Ve = —Vy - BV,




TquS additional derivatives:

é’: é"-6°= w; ~w, - Ky Ve
6 — —KVVC

From <arlier
™ _ - -
VC - -;-l";- [vd +7:°. \4/ ]
Substi &uhnﬂ

Q = "lf.r_:,.['(d Sl':\¢ + %Ka Cos @ ﬂ.]
|

or

% + Kikv 7. Cosg dE + Kikv simd =o
?_tgz ’?{v : dt A

Note . Given an arbidrary memoryless phase detector characlerrsdic
£()

oy

which (s everywhere differentiable, +his resul+ maoy
be Scnem\\‘zed ‘o

de + kkv 1 Plo) do + K kv F(g) =o
dt* W dt¢ T

é.“’ 2fwn §0) @ + wa $@) =o



Linearizing assumption ( or using @ ['near phase defector, not SIAG) )
f) =g
,
.r(¢) =/ Priwme denotes derivotive wrt 7.1

Subs+i tuting

& + 2fwn & + wh = Linear Type I' Diff Ey.

Laplace Transform Description

The Laplace ransform description could be obtawned directly £rom
+he differential equation i§ desired.

Rather : let 6: = Jdotal wwput phase Function
Llead- Lag 4vansfer function _\_-%S%’_z
V€O 4ransfer {unchion %VF
Phose Dedector Ky
Divide-by- N _((q
Then V= K, (6 - %) = Kd[e; - _é_(_%( vc(s)}



I1+5 7 14,]
& - Ky 57
vd'—'Kd.[(

NS S
GQ e,
“ = Kd Kv 1+ S;ﬁ
Pt N S

error (S
+he phase detector phase
From +his,

[, = Sz 0:(s)
W‘\ X 'l = Kl K\l
53 -L Wn 12 Wn '
< :\c e Y rd Jo devive: '
+h \&s, 4 s Straight ferwa l'vlz
eSSy ) - 2 ‘/ , :I
Freo Se Wogg = Wnl2¢ + /477 + -
pe 8w | e
O open- loop | a+’) |
X 3dg = njl 2t + ‘/ (Zf +
d- loop BW w w - + z
3dB cClse

Wn

= +CU;' 2“%43?}
Phase Margin (/M
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Transient Phase- Ercor Response [i]

| Transient Phase Error &WL‘&.L@) (in rad) (high loop gain; K,K,> >w,)

Wy

Phase Step (A4 rad) Frequency Step (Ab rad/sec) Frequency Ramp (A& rad/sec?)
{1 AO(cos\/l—g'2 Wyt %’ﬁ(l;gzsin 1-¢2 w,,t)e““"" %"-;——%(cos\/l—fz w,t
n - n n
—v¢sinv 1-¢2 w,,t)e"“’-' +—-——§—sin 1-¢2 w,,t)e"“"’
1-¢2 Vi-¢2
tm1 | AB(1 =, t)e o B9 e 86 _ 58 1 e
Wy Wy Wy
$>1| A8(cosh VE2-1 w,t ﬂ(———'—smh\/gz- 1 w,,z)e-w i“’z- - ﬂ;(oosh\/gz— 1wt
w, W

- —w/_é__—lsinh V-1 w,,t)e“"""

Vii-1

% V7o ~ font
+ T sinh\/¢{? lw,,t)e o

Steady-state error=0

Steady-state error=

(not included above)

NE

Bor | 8b
K, ' W?
(Aat/ K, not included above)

Steady state error=




TFO\\'\SFQT\-\- Phase- Ecrvor Qesponse, [l]
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| Phase error §,(r) due to a step in phase Af. From Ref. 1 by permission of L. A.
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error, Aw/ K, neglected.) From Ref. 1 by permission of L. A. Hoffman.



Phase Margin, deg.
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Fregueney Step Response [4]

Phase error of a second-order loop {F (8)=(1+ 158)/(75)] for a frequency stép of the input signal.



Comg!e)gi:[;fg§ :_Tntermal Time Delay [15] )[lbj

Inclusion of +rve 4ime deloys within the Control System complicates
+he analys s Consfdernbly.

Consider o Tyee T PLL:

Open- (oop Gamn Function Gor (s) = W e
S i 1
Delay Term

For a step- change n -Preiuenq , the exact phase- evror
Soludien s

96(‘&) = 21"”?'['1: + %(—wn) (£-n 2 /a(f n’r‘)]

(n+1)!

In general, {rme delays are always dedrimental o stabilidy
Mmargins , Switching Speed, and phase norse Pea Kifng

For o Type IC PLL:

Go (5) = Wwa (142%S/wa) e-s?4. wa ( 1+ 27S/wa) 1

s® s (+S %Y
No closed - formn  exoact Soludion (s possi ble for +he Type II' Case ,

Clese opproximotions ave possib/e.



Approximation of Timme Delays 1n Continvous Sysdems

The Laplace +ransform of a pure fime delay 7 (S
-S 7
e d
T+ (s fempting 4o replace +he exponential by a +runcoted

Toy lor Sevries and Continue on. However, +his will A genera/
indroduce right -ha plane poles which are really not present.

A kchni%ue. which s frnding (hereasing use physical preblems
(bot which is unsovnd tn Stability studies as well) is +he use
of +he Pade’” approXimant.

-sP
Pade’ ApproXimants for &’
n=| N=2 n= 3
I- SU%2 I- s+ Mfe - sz + (s /p ~ G20

1+ $7/2 | + 82 + (sV¥i2 |+ %2 +(sD Y0 + (s7)Yiz0



The Pade' approximants wmay be forther justified by noting

+Hhat
-S? n
e = [im ( l‘ﬁ)
n-oo n
n
_ -5
e (73

Rs done i~ +he Type I case, delays con be closely approximoaded by
Swaply Cascading RC lowpass £ [+ess.

Geven / | ( = H(3>
I+sT (+ 57> H-S?é

L HG) = = tan'r) - 4an' (W) - 4an ' (ws)

=t _L 5 any -creﬁuency within +he closed- bop bond wid+h

211'(’,;

N
L HGE) 2 — 2 w7
¢

N
’f => -_-_"'_4_6_: Z’f‘
c=(



Complexities: Firude Gawin- Bandwidth Prodyct . Leo.d—ng F ({er

Consider a finde Gam - Bandwidéh Product

leod- [aq filder as
given be low:

C
NV

l
-l w

V, Ry wvp \ o Vs
|+
—l-_'/v,,: - KV,

[+ S/w,
= Vo = X I+ 72
Vi s® T+ 4 s[__\_ + N+ +M K | +)
We W,
= Ko Wo [+ ST
T2 S'Z. + 5( '/wo + M+ 4 MK We + We,
(’““"f‘z_) 'T;,',/llz
T~ sStandard hNomenclature
w’?.
n =
T+
f—: —J;o +7+ T+ T K W N Ko % W

2 2



So\w‘n5 for denominator roots:

(S-a)(s-b) = s - (atb)S + ab
T\loxger voo+ | domi nates

Root #| = —2Ffwn = = KT w: = — _KoWo = a
1+ ’T’z/’f,
Root #2 = -_L
T
Evalvoding V, () for a unii- step wput
+ at bt
Vblt) = = Kowo T (e& - eb";) * __|_( e - e
T+ 2 a-® a-b a b
-V &) “\des!




Avo'udfr\ﬁ Finide Gaw -8W Problems

Note +STe
ST
Re ﬁ-
R g i
+

=_.L+:?'_a_

;i

In+e§ rator

Rother

i

pC- Coupled

Rmp i Crer

]
L

2 >
DC
Amp
G= ’T'z/,'; See ‘:l']]

Fast



_General  Analyses Approaches

Brute Force Caleculation

Programs Such as Spice can be used 4 calovlate the Hransrendt
response of a PLL.

eg. mode/ +he VCO (ideal infegrater ) as a shont
Copac tof.

For Simple cases, hand Calculation is possible , and for a
Novice, +his Can provide (nsight.

N_.L_'_E_ ! Prosmms Such as Spice genevally use imp lict  1ndegration
rather than explicit As o tesvlf, simple explicid solvhon
for the System Stale variables and integration uUsing
std. roukines ( Runge- KuHa, Adams-mMoHon, Adams- Bashforth ,ete.)
will wh Senem\ not be as Stable. See [18] or [19] for deiails.

See Appendix A for an example where R, i +he [ead-lag
Filder (s Shunted by Hwo dredes.



Direct Laplace Transform Inwersion

Given +he Laplace fransform description of +he phase error
response , /+ 15 possible +o directly evalvote +Hhe +Hme

C‘omo(n vesponse U.Sinj res; dues.

The aperotion s +wo-Step
) Colewlate all denaminator roots

2) perform o partial fracton ex pansion of +he
transform from which +he +ime domam funchons
can be Gund from tables.

This approoch s prone 4o mstabiliHes n sysfems of order
greater +han 8 er [0

This is partclarly $rue when the de.SCriEl‘nj differential
ejua-{-n‘on s very 'SH&" /e the reots are widely spread.

Tednhi‘;ues discribed \n Cuthber+ are nonedheless tmproved
and good for +his approach [20]
() Moore Root Finder (mokes use of Cawchy- Riemann e5us.)
¢c) \.mp'_r_wed poartval Lraction exponsion nel- mulip le vroots



Butterworth Filter : ) '

2. 400 ' ‘ . -

2. 200

2. 600

TV6qP USTRY

1. 8606 -
u /// \\
e %
i. 60
: /
- /
1. 400 &
; o \
L] __/’
F- '_'_,.'—4—""
1. 268 :

1. 800 ' N

0. 800 <
5. 660 Freqt:ﬁqy kHz
® ® - N “ N a ) o ~ o
. ® o Y N ® ® o a N ®
s ® ® o @ ® o ® ® ® &
® ® ® ® ® ® ® ® ® © ©
® ® ® ® ® ® ® ® ® ®
® ® ® ® @ ® ® ® ®
| This is +he Riuen
Filter Characteristics: “prelude” H my intec-
S \ys13
Butterworth Filter Syrebel inferference. analys:
prograwe  Prograw wl
Filter Order = 4 werk K any FiHan .-l-'
Pass band frequency = S5.0000000000E+B5 interest. TH @S writen
max. loss = 3.080 T+
Stop band frequency = 1.0000088800E+04 wn Turbo  Pascel:
min. loss = 35.008 ~((N"-'l [Xe o Copy, J'\)"S*
Normalized Poles Say SO. I C
Real Part Imag. Part : '

006 888

-2.5881984514E-01
-7.0710678128E-081
-9.4592582433E-01
-9.6592582423E-01
-7.97184678097E-081
-2.5881984474E-01

9.6592582428E-81
7.8710678112E-081
2.58819044%4E-61

-2.5881904533E-01
=7.8718678140E-061
-9.85925824638E~61



CP/M-86 1.1 (1.187:815;A)

Filter Order =

é

Factor =  9.9999999999E-81
The pole residues in input order

Re(Roo
~-2.588198451
~-7.871867812
-9.659258243

O Ul H WN e >

Time Response
9.4882 exp(
-8.7071 exp(
~-3.08472 exp(
2.6398 exp(

4.3788 exp(

)  Im(Root)

4E-81 9.46592582428E-01

3E~81 2.58819844%4E-01

-0.2588 t)
-8.2588 )
-0.7671 t)
-8.9659 t)

-8.9659 )

Cos(
Sin¢
Cos(
Cos(

Sin(

-9.6592582423E-81 -2.5881904533E-01
-7.0710478097E-01 -7.0710478140E-01 —1.52340334613E+00
-2.59881904474E-81 ~9.4592582438E-01

8.9459
0.9859
80.7071
8.2588

8.2588

Trpulse  Kesponse

Re(Residue)
2.8412414538E-01
6E-B61 7.0710478112E-81 —1.5234033613E+060

CAP ALT GR1 GR2

"Thu 865/38/85 21:13

Im{Residue)
3.5355339029E-01
1.2381254538E~-09

1.3194792148E+80 -2,2854050431E+00

1.3194792185E+00

2.2854850404E+00
1.8558228280E-09

2.6412414445E-81 -3.5355339049E-01

t
t
t
t

t

)

)

)

)

b)



ImPulse Response

@. 440

8. 400

8. 369

8. 328

8. 280 /

0. 200 /

6. 160 /

8. 1206

"
o=
S L_,—l—"

¢é. 680

cos |/

,_.—a—"ﬂ-‘-

6. oge g//

T~
-3. 040 \ /
-9. 888 A //
N ] ]
T1Mﬁ.,m1crosec
-8.1280
& & = N T« & a4 & N ©
® o o s N ) ® o » N ®
® ) © ® o | o ® © ® ® ®
® ® ® ® ® ® ® ® ® ® o
Filter Characteristics:
Butterworth Filter
Filter Order = &
Pass band frequency = 5.0000000000E+085
max. loss = 3.000
Stop band frequency = 1.0000080000E+084
min. loss = 35.008
Normalized Poles
Real Part Imag. Part

-2.5881904514E-81
-7.0710678124E-081
-9.8592582433E-01
-92.65925824623E-01
-7.8718467806%97E-01
-2.5881904474E-01

?.4592582428E-8 1
7.8718678112E-01
2.58819084494E-01
-2.5881904533E~81
=-7.87184678146E-061
-9.6592582438E-061

268 ‘8

36



Step ResPonse

1. 409
1. 200 '
1. 000 /\\\/f“- —
e. 800
8. 600 /ﬁ
2. 400 j{
6. 200 /{
Timg. icrosec
8. 060 L/ mq. . micfos
e b " N b » & e * N ® @
® ® o 'S N ® o o & N ® ©
® © ® ® ® ® ® © ® ® ® ®
® ® ® ® ® ® ® ® ® ® ® ®
Filter Characteristics:
Butterworth Filter. .
Filter Order = '6~-;-
Pass band frequency = 5.0000000000E+05
max. loss = 3.080
Stop band frequency = 1.0000000000E+046
min. loss = 35.060
Normalized'Poles
Real Part Imag. Part

~-2.5881984514E-61
~7.871048781246E-01
-9 .4592582433E~-061
-9.65925824623E-01
-7.8718478897E-0 1

-2.5881904474E-0 1

|

9.65925824628E-61
7.8710678112E-081
2.58819844%4E-6 1

-2.5881904533E-061
~7.8718478148E-21

-?.6592582438E-401



State Variable /Transition Madrix Methed

Given & System which {s [inear, but has +ime- Varywmng elements,
‘+he dynoemic ezuo:h‘ons +taKe +he form

X(4) = Al) X()+ B®) u)

C({) = D) x@) + EG) U )

The State - dransition matrix , B(E%.) (s defined as +the Nxn matrix
which sahs{ies +the homogenesus Stote ejua-(—u‘on

X@) = AR) X(+)

The Solvdion 1Is X(t) = B(t,t) X (%)

Th +he +ime -invarmont Case , +he State -transifion madrix (S
\ndependent of t, and
At ® K
st) = e =T AL
K=o K!
Yquey- Hamilbon +heorem can be vsed
to simplify ma+rix multiplications



R(krna&-efy) +aking Laplace 4ransforms of both Sides of +he
homogeneous €guation

X =AXx = sX6) - xot) = AX(s)

X(s) = (sx- A>-| X(c*)

Using s Solution ), for +he Hime- jnvariant case

+
X&) = () X(ko) +f¢(t—v) BCY) u(m) 47
<o

See [2!1 oY [22] -Fov wmore delails.



Explicit Diffecential Equation

Rssume dnoat Hne -Fol/owa‘nj rational function In S represents —+he
Laplace +4ransform of +he phase error response +o an

arbitrary mput +ransient.

amll

am-l§ 4+ Gm-2 S S + 4+ aS+ Qe
bea S + bn_‘S + cor + b+ b,

X(s) =

T+ caon be Shown Hhat +his s e3w‘v¢1(en+ 4o a Specific differential
egua-l-ion wn +he Hime domain with specific (nitral Condidions

The nilal coenditions are

(0
X" (*) = Qmt
indicoles bem
(“‘\'\ ocrdexr e (J) ‘
de\"\UQ‘\:\'C X )(0'(') = t [am-c- "’2 bm--(-!-J (d})] / Le & m-|
m J=

Addifonal derivatives may be quculak_d as

X(m )(0*) = -1 2 b; X )(o‘f) for ¢2 - o

bm J=0



Given the initial condidions of X and ot least ts forst m
derivatives, +he <ime domain response moy be calecylated
erotively uUsing a +4runcated Tay lor Series and
Upda-(-c‘nﬁ each derfyotive Value at eoch +ime (necrement

m+V . .
Q)
X(t+T)= X&) + Z X (%) __T_,J V= # of additional
J=! Jl deritvotives more
+“hon W
Update derivatives
) V= H)
X (++7T)= 2= X(¢) ()

Metnod (s prone 4o round-off ewor problems which can
lead 4o algerithm (nstability.



XXX X X E X R XXX EX
INVERSE LAaPLACE TRAMSFOREM

R O35 METHOD

o3

Maximum order of polynomial 3

Mumber of additional derivatives to be included @
Time interval .81

MNumber of timd interval points to calculate 38

INPUT POLYNOMIAL COEFFICIENTS IN PAIRS
Mumerator 58, Denominator 3°8, etc.,

A

-t -2t -3t

8 2

3 11 S+35+48 > 3e -~be tHe

1 é T

a 1 STHeS HISHE
Exoact

3 9787356 .§70139b

82 942916

.83 . 7164685

.84 .891328

.85 8474374

.84 .3447321

.87 .3231484

.82 .B824241

B.999999E-032 . 7838554

9. 799999E-82 754508 1

11 7467747

12 7298562

13 7134817

.14 . 6981383

.15 . 6833128

14 5889923

17 4551538

.13 6417643

17 4287383 -

.2 51560003 0.b2I51%53

.21 . 5335053

L2 5911943

.23 5787943

.24 5642483

.25 5544373

.24 .5424523 .619L5551

.27 .5308783

.28 5175844

.27 .5844653

.3 491508873

.31 4779443



¥ XX E ¥ ¥EEYEREERX

INVERSE

Maximum order of polynomial
Number of additional

Time interwal

LAaP

RO3E

.81

LACE TRAMNSFORM

METHOD

3

Number of timd interval points to calculate

INPUT POLYNOMIAL COEFFICIEMTS IN PAIRS

Mumerator 378, Denominator 579, etc.

Do 1) 0
e (e CFe
[y

.81
.82
.83
.94
.85
.84
.87
.88
8.9%9999E-82
9.997999E-~82
.11
.12
.13
14
.15
. 14
.17
.13

—
]

SOD O O e Q) B e

(IS TPV I T AV N I U O B 0 I LR N I

—

7787395
LP429178
7154742
.89 13521
.8874957
. 3448517
.83233591
8827978

7488348
7316994
7162844
. FE 15598
LA877274
LA7R6789
562353

8587439
.537818%
5295187
5193392
.4 187435
. 6822836
.5941924
. 3865847
.9794558
.5738314
.9669373
.5612871
.0958637
.3588893

Eact
. 97017396

. 7835784
7454808

62951853

5196555 |

deriwvatives to be inciluded

38

18



v o w w w ow v v e w w w
¥ EEE YR XY EXRY R R

INVERSE

Maximum order of polynomial
Number of additional
Time interval
Mumber of timd interval points to calculate 3

LAPLACE

R OS5

3

.81

TRaAMNSFORH

METHOQD

derivatives to be included 25

n

IMPUT POLYWOMIAL COEFFICIENTS IN PaAIRS

Mumerator 5°8, Denominator 578,

o 3 QO

.81
B2
.83
.84
.85
L85
.87
.88
.89

11

Bl

.13
.14
.15
.1a

.17

i

.13
.17

3

.22
.23
.24
.25
28
27
.28

.29

.31
.32
.33
.34
.35
3

(ST s NEPWAR 5 N

LP7BTIPERSSE 10051
LFA29 173193433215
L7184741482249451
871351986885785

.8674955787864158
.84485182689438¢% 1
.82334798312857582
.882997747428853

. 7838902544934552
. 76540884 183668591
.74808845518424 134
L731499448@352743
L7 14284275932%451
.7B15575387222713
LABFTEP211467 19594
LSFAE767 114818519
. 55623542284425545
.4587454873635884
.53981878 13541882
L 5295185273762155
.&1933P0238473074
.46187432853553842
L5822032187324683
.O94192255828276 17
. 38458448 17824728
L279455514318425%
.573881233558384

. 3649389347988058
»3612867883338393
.3338634344433713
.35888783457 12233
.5452641188832274
5417899574337458
.33797887747868846
.53343834428523044
.5383975458330 193

eto.
2 -t
S+3818 5 de b
SEhes+ils+h

s30% 91544

~1t -3¢
e t+4Ye



Other Technt 3 ves

Many o-ther -l—echm‘aues for wnversion of Laplace +ransforms have
been oused and published.

The State-variable +echn\'?ue_ (s generally +he most accurafe and
well- behoved of +4he methods mentioned.

In circuit analysr's, the fore mendioned imglicit (ndegration
+ec.hm‘3ue5 ave Supevior and Should be oused.

The Corr\‘ng‘(:or\ medhod will be mentioned before leov:ng +his
4opiec  becavse + Jeads directly 4o finite - difference
eiua{-«‘ons (e Z- 4ransforms.



Corrington Me+hod [23]

Corrfns‘l:on Showed +hat X@&) could also be expressed as a [(rnear
homogeneous difference c;uod—fon resviting 1n a much
Simplified caleylation of X#) for 20

n c+1
X(£) = T 1) R, X(-¢T)
=1 !

where Fn, are veal Constants
,(-

Egually Spaced dota at imtervals of T seconds for 2n-1 Successive
valves of X(#) moay be found by using -the preceding

Ross me+hod, and +hese used above o find +he F. .

For a 3r§' order Sysiem

- T

- TT N

x(3T) XCz7) Xcr) || Fa X(¥T)
XC4#1) X(3T) X(zr) || Fs2| = | X(sT)
X(5T) X(4T) X(37) Fs| | X67)

X(+) woay alse be represenied n +he Z- $ransform domain
by a rational algebraic function:

Xz)= N
D@)



ORDER 0OF THE DENOMIMATOR = 3

IMPUT COEFF, START WITH 36 COEFFICIENT
COEFFL 8 = 6.8880088

COEFF( 10 = 11.0008804

COEFFC 23 = &.88008080

COEFF( 3 = 1.88a000

INPUT NUMERATOR COEFFICIENTS

COEFF( @) = 3.8000800

COEFFC 1 = 3.080008

COEFF( 2) = 1.8008808

COEFF{ 3) = 9.0800688

COEFF 1 2.7484949468385804

COEFF 2z -2.882464375592493

COEFF 3 L741784533345121%

DEN. COEFF. OF Z-TRANSFORM, STARTING WITH 5°@

-.9417445333451219
2.8824643948572473

~-2.7484748402334084
1

NUM. COEF. OF Z-TRANSFORM, STARTING WITH 58

-1.45951688 12846721D-10
LP7B7337723854195
-1.?74975444473588 1
i

] i

1 .P7073959568 18851
2 L7429175193433213
3 L716474148224945
4 .39135198514754693
3 .84749557 15413833
4 .3443518274514789
7 .82334703386085542
8 .BA2997754174485
? .78349827181868787
14 .73548084528813858 1
11 . 74888455484469491
12 . 7315994467570343
13 .714828438 15829826
14 .781359569353251
15 L4877272523410722
14 L&748787614528264
17 .$623548884401883
18 .4587457585187437
19 .43931878515% 15848
28 .62751842485846787
21 . 519337 1353544344
22 .51874333348954434
23 .68220335638670846
24 L5741924202113825

23 .5844847855475873



N(Z) and D(zZ) are both polynomials 1n Z

The coefficients of +he D(2) polynomial ave egual +o +he

oy 's with a change of Signs.

@  Hence, we have a finite difference eguation which represenis

the behavior of +he continuous response at discrefe
\nstants of +ime given by ¥= KT



NonW\near RBehavior

Generally, we 4ry 4o aveid nonlinear behauior of o phose-(ocked
loop becavse + Seriously (mpacts +he Hransient performance.

Nonhkneor behovior encompasses

non- \‘near /ooP elevnents

eg. Srnusoidal/ phase detector
Cycle Slipping

Freguency Acguisiton , Psll- TN

Ano\ysis of +hese phenomena s not easy and h general,

necessary inclusion of noise Converts +he problem (nto
a guestion of randem walks and drffusion processes.

Analys’s (n <hese Subjects divect adendion +o

Wiener Processes
Chapman - Kol mogorov Eiua-l—l'ons
Govssian- MarXov Processes

Folker- Plan EZ vations
etc.

We woni Cons/der notse aspects.

For some initial insight
e +Hhese modters, see [iv],



DeSCriB“ng Funcfion  ( Harmonic Ralance ) [2‘(], [2s]

The descﬁb\‘ng fonetion method IS based Upon a. Fourier Serres
repreSentation of +he nonlinear element (N response +o
a Scnvsordal nput.

The ovtput of +he non hinear'dy (s generally gpproximated using only
its ftndamenial -Preguen&/ Component,

Assvmptions
) ANl non kneoritres must be 1n +he one NL element
2) The chavocteriStics of N aore +H'me- (Nvariont

3 G(w) s lwpass th neture and all harmeniec companents
other than +the fLndamenta| are h\‘shly adenvaied.

4} NL s Symmedrica( such Hhat no dc component (s Generofed
ot +s outpst+ when a Sinusoidel nput 5 applied

Conditiens for asceriaining sysiem Stabilily are considerably more
CompPlex with non [inear SyS+ems.
See for example 2™ method Lya punov
Popov S-\—o.bil\'-\-y Critevia



Phase- Plane Analysis [iw], L24]
Primorily [imiled 4o Second-order Systems with Constant inputs.

Redvrning to tne diffecential eguation descriplion of the
Type I Loop, we had

.d_ZJ +szn4"(¢)gl_¢3 + wf; £(¢) =0
d+* d¢
or

s + 2twaf(0) & + wp £(o) =0
Dividing +hrough by ¢&

B + 2fwnf'(e) + wn £:(g) z o

onm—
[ ]

g &
Noete +hat & = cﬁ@ = j},(é) )
g = d8 g
dg
Substidudrn q
48 . 27wn £(8) + wa (@) o
@

Note $Hnot all explicit $i'me dependence has yanished



d___ = —2%wn -F'(¢') - UJ%\ £(a)

d@ &

Tn +he case of a Sinusedal phase dedector , £(&) = sin(d) and
49 - -2Fwn Cos(@) - wh Sin(@)
d¢ —

&

For eoch valve of & (x-axis) and ﬁ. (y-oxis) we can calcylate
+he slope of Fhe H4rajectory and +hus obfain an

overall
+raJ ectory poth.

Much rore detail (s wicluded 1 [i14] and in Viderbi's orvgrnal
WorK.

Note : T# +the wput Lreguency (s being Swept, i+ (s advantaqeovs
to acguire from a specific side i Freguenty as +the phase
plane plot is not Symmetric any longer

Further, +he phase- plane analy sis can be used with an arbitrary
phase dedector characteristic (o).
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Rl e
-O-t/2 0 m2 II -I -2 0 Iz I
¢ ¢
. . Figure 3.8 Phase-plane trajectories for  Figure 3.9 Phase-plane trajectories for
F_PO”\ v' k"h\ second-order loop with line- second-order loop with line-
arly varying input frequency arly varying input frequency.
@ =4 R/a=]. (@ = §, R'/a’ = }).
6
4
2
®
$° 7
-2 : a
-4
-6
-IIr-1;/2 0 I2 W -IoI -T2 0 /2 1
¢ ¢
Figure 3.10 Phase-plane trajectories for  Figure 8.11 Phase-plane trajectories for
second-order loop with line- second-order loop with line-
arly varying input fre- arly varying input fre-

quency (¢’ =3, R'/a' = quency (¢ =3, R'/a' =
- 0.95).



Why SDampled Phase- Locked LoopS [

* Any PLL uhich includes a "diwvide-by -V inh +he Seedback
Path s fundamentally a Sampled System.

« Exclusion of SQmP led aspects n /;mge.' bandwidth PLL'S
resul+s (h Considerable e€rror

« Sampled PLL's are copable of faster S‘w’nkﬁfnq '
Speed per ounit  Joop - bandwidth than any Continuous
PLL ot +he Same ype,



3314184-5

1.8 N
o /
N CONTINUOUS

.8 ‘

.4
1.2

7/
/
7/
/
1.0
/ /
/
/ /
/
0.8
/
/&

0.6 4

’ / . TN LInE oF EquaL

LOOP BANDNIDTHS
/
/7
/
0.4
/
/
/
0.2 Vit
/4
74
0
0 0.2 0.4 0.8 0.8 1.0

K

(K% {)T
SAMPLED

Figure 5. Continuous and Sampled Control System:
Phase-Locking Speed - [26]




Sawpled PLL }Modd

©
S(t) =T ¥t-nT)
n =o

REFERENCE
pare____ oy

£*(s)

IMPUL SE
- SAMPLER

D— HOLD

LOOP
FILTER

veo

-
G (S)

N

019

Figure 4. The general Sampled phase-locked loop employs an ideal

impulse Samplep whiEh ﬁrst be followed by some form of ‘‘hold’’

device, HI(S

331184-4



Prelyde to  Sawpled Con-h-ol Sys-kmi

f

T et 3T 4T T e Tt
* { A
-P({.) A

T 2T 3T «T ST 4T

-SThn

f{-f:*(-l:)}- nZ'_ f(nt) e

= F(z)

. . | .
——  cw— —— . Gemems g — am—— —— — —
’

.zi?{kﬁﬁﬂ}=FVb)

Diwwac Dello  Functions

o0
1) Unit+ Area J‘S(-t)d'é = |

2) Samepling fo}(f) S(t-a) dt =—‘F(q.)

1]
™
=
-
]
5
.-.i
N

plt)

S
-Ms
0

3
Fre) = §4) p(#) |
2 jn\ud', ,
= t e
£t) - S

Nn=-co

> F/w—wn)
T n=-e>

5%



Samep led PLL- Analysis : Error Response [26]

%
E*(s) = [ &(s) - @(/N ] where ¥ denofes i1deal mpulse Samepling
[ oecs) - )6 HsY /w ]F

From & fondamental +heorem pertaining fo /- Sampled contro/ Sy sfems,
+he Sampla‘ng process may be brovgh+ insi'de +he brackets as: [27)]

E%s) = er(s) - E'cs) 6's) H¥s) /N

er(s)
] + %) H"(s)
N

E*(s)

n

4 2 er(s-jn ws)

| + L f: G(stym wg) H(s+jmuls)
NT ms: -

u)\\d‘e Ns = g[_,L..

e.q. 1deall * \io” > Tlx'iud
) v SR C) f
lx(w)‘




Transfer Function: Zero- Order Sample-told

Consider “the somple- hold output

£
\‘-.T_’/Inpu-(- s.‘sna( be\ﬁs Sompled
B ) S %
a .
’ ~Jonctions p oo
fu®) divac S =) -Ps“ &)= 2, [-FG:)—-FG:-T)J $(2-nT)
n=o
A

£{ul = Z[Fo - r0 ¢ ] @ £fse-nm]

Fe) (1-es)® 5 &

1

F‘s)("€ST)@T:L§s—T = F(u)fl—éur7 du

| - 'e(s-u)"r'
Let CUT =




Then
f{ 'CS,H (-&)} = f FL)(! Z )d-Z- Frerm Residue TH.
T

L Z F'(u)((- ="

T n=-oo

vus S-,2mn
T

Removing the derivative can be done by mutdiplying by £

By () = L > Fw) (1-é%)

T nNz-eo v

Uz S-Jgzrn
—r

I¥ +his funchion (s passed thru an deal (PF (no aliasing)

Fay 5 = _L F(s) _l__-_g_;ST e F(s) _ -3
T S T
dencles LpF L

lowpass [i Her efuev.
of S/H



Sompled PLL  Analysis @ Z- Transforms [26, 22, Z?J_

Type T
Got ('7:) = K where K= KdKv T idea |
z-1 N
n
Be(nT)= 2udt|1- (1-K) Radions
Ka Kv
Gan Margin = —20 Lo%, T WN ) . Wy = KiKv
J Wse / N
For K=l, Margin = 6 d B
{ Ana \Ysi.s exclodfng alc'a.Sc‘ns +erms wovld
predict o gawn margin of (3.1 d8 )
= —— e Sa:'p!ed
End of count (sample) . I---_r-—— phase
L I '-——J Ny Foege
I I ! FOUT
l 1 ! o l {c)
| I I
| ! I
: I.I__ _S;mpled phase (phase-deteﬂor (ﬂtg\..lt)_—_ Four =N, ey :
| ' N ‘ | Four
““‘f“"‘l "‘_Four=N1 Fee : ———L__E_—.?Li ———— __--—ﬁszEF
b) | - - - Sampled phase
—;-_——FOUT=NIFREF

Time ————3=
(d)

Responses of a simple loop: divide ratio at (a) and responses with (b) optimum gain,
(c) low gain, and (d) high gain.



Samepled PLL Analysis [26]

Type I
—ST
. - e 1tS% K4 kv
Gow(2) = }{ S 5% K s}
= (1- z") w: +STe - K (T/z+"t’z)-z + (T2 -12)
53 (%_4)2
@g(nT) = 27 A-FT [aﬂ.__ b" }
a-b
ab = -A + L A-48 wheee A= 2-K % +%
2 2 7
Bz 1+ K Tp-m
4
K= Kgkv T
G * N
avw Margin = - 20 lo (2«?9_.1) e Kakv
J 3 e ) n %?‘

For dead-beat response, 4, ., = 2 Samples !

F= L unT = 075 (exactly)

Wn= L
T

Gaw Margin vV 2.5 dB



TIneflicient Sqmp\u‘ng

Can show modified S/H
TIheot ! 4ransfer Qonclion v be
LTV ekt
X 1= ET0-M W Fﬁi‘::_“‘*
where Pacte
— Taate [,
AS/[-/ ouvt /SHRC.

S/H Switth closed A= e
‘//- Hold Capacitor c.ho.\"-"\:

(Frequency relative to sample rate)

A I e N A A e

1

I I I l

0.1 0.2 0.3 04 05 0.6 0.7

I ]

0.8 0.9 1.0

Jif;
0.1 0.2 03 0.4 05 06 0.7 . . '

. Attenuation and phase shift due to efficiency factor.
11,



’

Type T  Soawpled Loop Including Timie Delay ¢ Tnefficient Sqmpb‘nj

The Hime delay can be automatically accounded for 1h +he analysis by
using modiFiéd Z-+ransforms.

—'rn.'(e/’}’
-ST ST -S7 ) C SH e
Go(s) = K I=€ e (1-8) w e ¢ _, A= e
N S ST-A s 145 The
v I | y L J L [y

Tnebficent S/IH vCo Toriernol Egu.
Delay LPF

G (2) 2 K (-A) Z(m- Te/1) + (1 + Toe/T =)
Z-A Z-1

E(z ) = _jsmf + - (ewaFT - ag(14A)) — Az (2TmaFT-¢&)
23+ ZzCCa-l) + 'Z<Coz"c¢n) - Coz

where AQ = Tnidial Step Phoase Error ot Phase Det | Rad.

AF = Siep Frezuency error at Phase Det , Rad. /sec
T = P

Coo = KO-A)(m- The/T) -1 -A

Coo = A+ KO-R) (1 Abe /T -m)

m = (- Tafr

This  analys's was used » & Monte- Carle Simulation fo ascertain

preduction vyiéld pProblems. Bounds for each Key parame{-er
hod 4o fLirst be established.



Note: Given E(Z), ¢ /s a Simple matter o calcylate
e(nT) by /ong-hand division

€3 Assume EG)= T=2 (a Itnear vaenp)
(z-1)%
E(z) = T2
Z%-27 + |

Divide deneminator into Nnumevrafor re peafed|y,

- ‘rz"+21‘2:2+ §'rz-3
Z°-aZ+1 ) T Z
TZ -2T+TZ

zr -1v%! .
2T - 417 ' + 2172
3T 7' - 2Tz ®

Since b 4 means de(o.r of n T-+Hme units:

e(™)= T
e (2T) = 27T

e (3T) = 3T

From above
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Kd min/max V/Rad. 2,568 3.56886
Kv min/max MHz .V 24.000 32.000
Internal delay, nsec min/max 20 .900 45.800
Equivalent LPF time constant of loop, min/max nsec 16.0800 35.000
Sample/Hold ratio of sample to RC of Bridge min/max 3.800 S.008
Divide by N number = 175
Frequency step MHz, min/max Se.ee0 Se.e00
Initial Phase error, deg, min/max 8.008 3599.99%9

Number of trials was = 288

Figore AQl.0

0@8 '8
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-36. ag0

-40. 000

-44. 080
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808 ¥
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Kd min/max U/Rad. 2.98¢ 3.188

Kv win/max MHz .V 24 .0600 249 .0080

Internal delay, nsec min/max 14.008 35.800

Equivalent LPF time constant of loop, min/max nsec 16.800
Samp.le/Hold ratio of sample to RC of Bridge min/max 3.888

Divide by N number = 175
Frequency step MHz, min/max Se.ee8 Se.ea6
Initial Phase error, deg, min/max 8.888 3599.999

Number of trials was = 75

'F:‘jure Al.1

200 '8

26 .000
3.600
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Sempled PLL  Avnaysis

Type ZL with TIniernal Time Deloy

2
Gon(2) = wy (az + bz +c)
(2-1)°
3 2 .
Ge(z)= £OZ+ (ref¥T-n0) 2z
2 +7°Caw, -2) + Z((+hwy )+ waC
N
Wn = KdKy
N1
860 : Pphase evror sip, Rad.
at - freguenty step, Hz
m = 1- l):te.la.y/ T .
. 2
a = !MT) + mT”I"z
2
2 2
b :I (zm-?_m +I)"2m’f$_T+7;_T
e |
¢ =

_';_:‘(m-:)2 + 2 (n-)T
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Phase-Lock Speed, us g

—
o

™ Figure 1

Measuring-Up
Indirect Frequency Synthesizers

Type | =20 MHz Preset
Ref. [8]

® ITT

Fractional-N

Type | Ref. [8]
Conjectured with Fine
Preset

Theoretical Type I

Theoretical Type |

100 200 300 400 500

Reference Period, ns
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_Sampled PLLs: Phase Npise Coneidesations

-]
S(t) =L ¥t-nT)
i =

3

REFERENCE
8, (s)
B 18!
REFERENCE
PHASE NOISE

*
E”(S)
6 (s}
IMPULSE LO0P FILTER
SAMPLER g-det
vco
N

VCO NOISE
8, (s)

+

+ o

8y18)
DIVIDER PHASE NOISE FLOOR

8, 1s)




Phase Noise Lo

Refevence noise effect vpon +he ovtput phase noise -

= 9:»1(5) G (s)
I+ ¢*s)
N

©o(5)

Ref-

Dwider noise effect vpon +he output phase nolse :

o, | = 8  G(s)
Div 1+ G'(s)
| N

VCO hnoise efleet yppon tHhe outpot phase nolse Spectrum:

X0 / Ou(s) + | 6yts) Gts) —ehs) Gfsm
Vco / + _G__’f(_s_) ; v No +

N

;U\J QV(S)

t+ G%¢s)
N

hecessar ly



Swmplified  Phase  Noise (T)'PeI Loop On}/) Idcd)

Reference Noise

Sp (w) = o KN s{n"(w'r/a )

San (W) (wDT(K*+2-2K + 2(K-1) o (wT) )
Y
= N [ Sin (WT/_Z_)] o for K=

Tw'l‘/a)
Divider Noise o

Same asS T'Q-G_re_nce. case

VCO Noise
CSw) - 4 Sin(wT/2)

S KT +2-2K + 2(k-1) Cos (wT)

oy S(nz(gzl') | for K =1

; K= Ka&e T
N



Conclusion

¥ This discussion has only Scratched +the Surface of +he phase-
lecked foop cConcept.

¥ I only hope +that you hove Seen Some new material which
will cCouse you +H ask “what if" ;4 yor hext design.

See Appendix D for & discussron of +he &/f dejector
See Appendix C for a discussion of a possible harmonic Sampler.
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